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Abstract 
A novel time-frequency technique for linear and nonlinear frequency modulated signal denoising is proposed. The 
proposed method is based on the principle of Quasi Fourier Transform (QTF). Firstly, we discusses in depth the 
principles and properties of QFT theoretically. Secondly, by applying the QFT, Multi-component signal with aliasing 
in frequency domain is separated successfully, and it is readily to de-noise for linear or nonlinear frequency 
modulated signals with white or 1/f noise. Thirdly, related issues such as the resolution and the effect of noise are 
studied. The simulation results show that QFT is an efficient tool to extract effectively useful signals from buried in 
the noise. 
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Introduction  
De-noising of linear or nonlinear frequency modulated signals has a variety of applications, including 
sonar, radar and other communications. These signals have time-varying spectral properties, and their 
time-frequency representation (TFR) has been proved to be a powerful tool in signal proceeding. Although 
the Short Time Fourier Transform (STFT) [1] is the most common method used in TFR, its accuracy in 
parameter estimation is often reduced due to window effects. The Wigner-Ville Distribution (WVD) ([1], 
[2], [3]) is commonly used as a basic quadratic TFR, and it provides optimal energy concentration about 
the instantaneous frequency (IF) in the time-frequency domain (TFD); therefore it gives more accurate 
results of parameter estimation than the STFT. However, in multi-component cases, WVD suffers from the 
cross-terms which may impair some information of the auto-terms. Although by improving the kernel of 
the WVD to a certain extent, cross-terms without degrading auto-terms can be reduced ([4], [5], [6]), its 
usefulness is restricted by the heavy computational load. The fractional Fourier transform (FRFT) is the 
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generalization of the classical Fourier transform ([7], [8], [9], [10]), which is proposed to deal with linear 
frequency modulated (FM) signals and it performs better in reducing cross-terms than original TFR. 
However, this method has difficulties in case of nonlinear frequency modulated signals. On the other hand, 
if useful information is modulated both in frequency and amplitude, it is not enough to estimate the IF only. 
In order to recover the amplitude information, it is necessary to separate the original multi-component 
signals into components and reconstruct them separately. As a case, the method of optimal filtering in the 
fractional Fourier domain is proposed in [11], but the reconstructed signals yielded by the filter is distorted 
if signals have aliasing in the fractional Fourier optimal domain.   
In the paper, we discusses in depth the principles and properties of QFT theoretically. By applying the 
QFT, linear or nonlinear frequency modulated signals with white or 1/f noise is de-noised effectively. In 
addition, The de-nosing software based on QFT was finished in Matlab, the software can process any 
signal involving nonlinear frequency modulated signals with various kinds noise, for example white noise 
and 1/f noise. In additional the software can also separate any aliasing signal whether in time domain or in 
frequency domain.  
Definition and properties of qft 
The STFT has been the most common method for non-stationary signal analysis, which is defined as: 
dethstS j)()(),(
2
1                      (1) 
Where h(t) is window function, ),(tS can be plotted as the spectrogram of signal s(t). 
Consider a multi-component signal s(t) which contains two nonlinear FM components, Fig.1 shows its 
spectrogram. It can be seen in Fig.1 that dashed curve  = (t) separates the signal into component A and 
B, the two components have aliasing both the time and frequency domains, for example, The both of 
signal A and B have same frequency component in the 0 frequency. In other words, the both of signal A 
and B are aliasing in the 0 frequency. If we can establish a transform F , which transforms a time 
domain signal to an  frequency domain, where component A only located in the range  > s, 
component B only located in range  < s, and point s corresponds to curve (t) in the TFD, then we 
can separate signal from nonlinear frequency modulated signals easily and simply using low-pass or 
high-pass filters.  
The spectra of the signal transformed by F  are shown in Fig.2. 
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Figure 1. Spectra of a multi-component signal 
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Where (t) used for QFT can be chosen to be any function according to special needs. The QFT can be 
applied to reconstruction of most multi-component signals. The frequency variable  in the QFT 
transforms comparing with Fourier transform is different from the classical frequency variable , while it 
is a time-varying function. Some properties of the QFT are investigated as follows: 
A. With (t)=1, the QFT becomes the classical Fourier transform. 
B. From the definition of  the QFT, we can reach the conclusion: 
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se  denotes signals located in the area above curve (t) in TFD. From 
Equation (10), we can see that the QFT transforms signals above the curve (t) in the TFD to spectra in 
the range >1 in  frequency domain, and transforms signals below the curve (t) in TFD to spectra in 
the range <1. The signal ))(exp(
2
1)(
00
djts
t
 will be transformed to a Dirac function 
( - s) in the  frequency domain by F . 
C. The QFT is a process of TFD mapping based on (t). Let  = (t) in Equation (1). We can define 
the quasi STFT as follows: 
dethstS tj )(
2
1 )()()',(       (4) 
The spectrogram based on the quasi STFT is shown in Fig.3. We can see that component A and B are 
now separated in frequency domain. For any specific value of frequency (e.g., '0), at most one of the 
two spectra is non-zero. However, in the TFD as shown in Fig.1, for some frequency values (e.g., 0), 
both signals’ spectra are non-zero. 
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Figure 2. Distribution of a multi-component signal in  frequency domain
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Figure 3. Spectrogram of Multi-component Signal from Quasi STFT 
Simulation results 
Specifically, multi-component signals can be described as: 
N
i
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N
i
i tjtAtsts
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))(exp()()()(                      (5) 
where Ai(t) are amplitude modulated coefficients and dttdt ii )()( are the IF’s. Considering a 
multi-component signal s(t) which contains a nonlinear FM components s1(t) and noise s2(t) as 
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Fig.4 shows the spectrogram of two signals, the window function was chosen as
2
789.0)( teth . The IF 
of s1(t) is 380.421.0)( 2 ttt , and the IF of s2(t) is 2051.0)2.0exp(20)( ttt .  
 
Because signals are located along the IF’s in the TFD, these two components are independent in TFD. 
In order to separate these two components, we can construct a filter whose cut-off frequency is 
time-varying as (t). In this example, we let 2930.3168.0)( 2 ttt  (shown in Fig.4). 
According to Section 2, we use the proposed QFT to transform the time domain signal s(t) to  
frequency domain using 2930.3168.0)( 2 ttt . Fig.5 shows the distribution of S( ) in the  frequency 
domain.  
Figure 4. Spectrogram of Signal s (t) 
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Noted that S( ) is almost zero at the points | | = 1. This is because the points | | = 1 correspond to (t). 
Component A is only located in the range | | > 1 while component B is only located in the range | | < 1. 
The low-pass or high-pass filter with time-varying cut-off frequency can be replaced by an ideal 
low-pass or high-pass filter in the  frequency domain. The frequency response SL( ) of signal S( ) 
through an ideal low-pass filter can be written as follows: 
1~
1~
0
)~(
)~(
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S L                   (7) 
By using the IQFT to transform SL( ) to  the  time domain which yields the reconstructed signal 
s'2(t). Similarly, putting signal S( ) through an ideal highpass filter and using the IQFT to transform 
SH( ) to the time domain yield the reconstructed signal s'1(t). Fig.6 shows the spectra of SL( ) and 
SH( ). 
 
Fig.7 shows the results of the multi-component signal s(t) in the time domain. Fig.7(a) shows the 
original multi-component signal s(t), Fig.7(b) shows component s1(t) and Fig.7(c) shows component s2(t). 
Fig.7(d) shows the reconstructed component s'1(t) and Fig.7(e) shows the reconstructed component s'2(t). 
It can be observed that the reconstructed components are consistent with the original ones.  
As shown in Fig.8 (a), for a multi-component signal, we can find a fractional Fourier optimal domain . 
Apparently if component A and B can be separated by a line, there is no aliasing in the -fractional 
domain for the component A or B, so using a band-pass filter can separate two components and 
reconstruct them. 
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Figure 5. Distribution of S( ) in  Frequency Domain
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Figure 6. Spectra after going through low-pass and high-pass filters in  domain. (a) Output spectrum of the low-pass
filter, (b) Output spectrum of the high-pass filter 
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Fig.7 Comparison of the reconstructed signals and the original signals
(a) Multi-component signal, (b) Signal s1(t), (c) Signal s2(t), 
(d) Reconstructed signal s'1(t), (e) Reconstructed signal s'2(t), 
(f) Reconstructed Signal s'2(t) using optimal filtering based on FRFT.
(a)
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t(s) 
 
However, for signals similar to s(t) in this example, we can also find a fractional Fourier optimal 
domain =0. In this case, the two components can’t be separated by a line; there is aliasing in the 
-fractional domain both components A and B.  
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Figure 8. Signal Reconstruction in - Domain 
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(a) No aliasing appears in - Domain (b) Aliasing appears in - Domain 
 
If using the band-pass filter shown via the dashed line in Fig.8(b), component A is partly interfused 
into component B (as A1 shown in Fig.8(b)), and component B will unavoidably lose information in both 
the low frequency region ( as B1 shown in Fig.8(b)) and high frequency region ( as B2 shown in Fig.8(b)). 
As a result the reconstructed components will be distorted. 
Fig.9 shows the spectrogram of the multi-component signal s(t) based on the quasi STFT. It can be 
seen that component A and B are located at different sides of the line '=1.That is to say, the QFT is a 
process of TFD mapping based on (t), and the two components separated by curve (t) are mapped to 
components separated by a straight line, so the resulting components can be reconstructed easily. 
 
Calculate the MSE of reconstructed components using the following equation: 
n
nsnsssssMSE
222 2211 .       (14) 
The MSE of s'1(t) is 1.4256 and MSE of s'2(t) is 0.5338. 
Introduction of De-nosing software based on QFT 
Fig.10 is the dialog of the software, which can de-noise any nonlinear frequency modulated signals 
with white-noise or 1/f so on regardless, as well as the software can separate any aliasing nonlinear 
frequency modulated signals in TFD.  
 
The software was programmed in Matlab. 
 
Figure 10. De-nosing software based on QFT 
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Figure 9. Spectrogram of Signal s (t) Based on quasi STFT 
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Conclusion
A Quasi Fourier Transform is proposed for the reconstruction of nonlinear frequency modulated and 
amplitude modulated multi-component signals. This method transforms signals which are aliased in the 
frequency domain, into the quasi frequency domain where the resulting spectra can be easily separated. 
The simulation results indicate that this method produces reliable reconstructed signals. 
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